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Math 126 Final Exam 

Remember that the exam is closed-book. You will have 1 hour to complete the exam. There are 4 

questions. You may use the front and back of each page, and there will be plenty of space ( If you need 

extra paper for any reason, please attach it via paperclips or staples). Please Write your full name and SID 
below. Good luck! 

Formulas: 
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August 14th. 2025 

Homogeneous Solution: u(t, z) = g(r- ct) + glz + ct)) + 

Poisson's Formula: u(t, z) = 

Vdz = 

1 

du 

glr-ydy 

JYu 
9Vds 

TUt w= 0 

i(t) = v 
Du 

Dt 

Di,a = {(s, y) ¬ R|r -c(t - s) <y su t c(t - s)} 

Inhomogeneous Wave equation, no initial data solution: u(t, z)= f(s. y)dsdy 

h(z -ty) 

+ w= 0 

h(r)dr 



Mean Value Formula:u(To) = 

Heat Kernel: H,(r)= 

1 

Bessel's Inequality:)f. or)? < |FI| 

Series solution to the Heat Equation on (0, o) x T: u(t. r) =) Clh]eke 

A, Rn-l JYB(zo, E) u(a)dS + 

keZ 

GR() = 

kEZ 
Parseval's Identity :> lckL| = f 

1 

1 

keZ 

In() 

(Amt)n/2 

2r Jo 

1 

eikz 

27 

f(z)e-ikdz 

Gr(* - zo) Au(z) dr 

n=2 

l(n-2)4, lR-pn>3 



Problem 1 
g quCst ions nnav be answerd with true or false. You do uot 1ced to cxplai your answer 

bit ploase make vour answer clear and box it for cnch part. 
Tart A) Let the Fourier cofficients of fr) be cf = Then. f(r) e C"(T). 

Tvue: 

Part B) Let H} (R) = {fe H'R) | f(z) = lim,-oPn(r), P,(t) e C (R)), so H} is the closure of the 
snoot h functions in the H' norm. Then, H, is a Hilbert space. 

rue: 

als: 

Sine 

A closed 

Part C) If we consider the 1-D heat equation on a metal rod of length I, and insulate the ends from 
heat. this corresponds to Dirichlet boundary conditions on the heat equation. 

Neu mann 

Version BNosei Pat A) here was 

CulfJ Ther, 

of a coplete Space 

ths 

This was 

false is cepta ble, 

fals 

(prichle4 -Jon test). 

ancl 

haele fhan intercke, So either Tee or 



2 Problem 2 

Suppose that U CR" is a bounded donain with UC B(0, R) for sone R>0. Assume E C(U:R) n 

T:R) satisfies 

for somefe C(U) (so that f is bounded on U). 

Part A) Find a constant c >0 depending perhaps on f and 

For 

So 
utCIx? 

Part B) Use this to show that 

(pay attention to the absolute value bars!) 

Similaly, u 

-Au=f 

ulau = 0 

R? 

max lu| s Cmax |/| 

5 

may 

such that u + clz|' is subharmonic on U. 

(utclRi) 

R 
20 



3 Problem 3 
Let ueC((0. «)x U) for somne bounded domain UC R" satisfy 

for all ' e C(0. )x U), Show that u solves the wave cquation 

Asxnig 

wthet 

Theeove, (A) holels ifl. 

Then, 

+ Vu: 

for al) P(Eo,o)x ), So 

Consicle 
lo, oo)xA 

+ V-xd 

Shoe 

[(- A)u = 0 
u(0, x) = g(z) 

a, u(0,z) = h(z) 

by 

the inittgl Conoltinn asU mptions, e ave 

Conineity, 

we may 

7 

Consteect 

J 

(9 

hupl,=ndr 

and 

(A). 

Smocth ae mps to 



4 Problem 4 

Recall that {r} is a basis for L²((-m, m)). 
Consider the domain (0, a) and the orthonormal sequence ve(r) = V sin(kt). Show that {u"k} is in 

orthonornal basis for L²(0. )) (you only need to show that it is a basis, not that it is orthonornmal). Hint: 
Given f ¬ L'((0. 7)). we may extend f to an odd function on (-T, T). If ["f() sin(kr)dr = 0 for all k. 

what can you sav about "f(¢)ek da? 

Ls asSume fcx) 

fr al 

Sire 

There lNe, 

k. 

Notice also that 

Finally. 

Sine 
(-, 7) 

5lch 

SihCihx) 

has 

e/x)ed 

a basis, 

that 

an oythonornal 

9 

(ucx)do 

Qn 

-71 

this implies 

fa all , 

basts. 

extenyron 
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